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We investigate the new quantum phases on the extended Kane-Mele-Hubbard model of honeycomb
lattice in the Hofstadter regime. In this regime, orbital motion of the electrons can induce various
topological phases with spontaneously broken symmetries when the spin orbit coupling and electron
correlations coexist. Here, we consider the interaction effects in the Kane-Mele model and discuss
possible phases in the presence of magnetic field at integer fillings of electrons. In particular, focusing
on 2pi/3 magnetic flux per plaquette, the realization of numerous quantum phases are discussed
within the mean field framework; insulator with coplanar magnetic ordering, ferrimagnetic Chern
insulator with nematic charge order, ferrimagnetic-ferrielectric Chern insulators etc. Many of these
phase transitions are also accompanied with the change in the topological invariants of the system.
Based on our theoretical study, we propose topological multiferroic phases with a scope of realization
in 2D van-der Waals materials and optical lattice system where the significant interplay of magnetic
field, spin orbit coupling and interactions can be engineered.
PACS numbers: 71.10.Fd, 71.27.+a, 71.30.+h
I. INTRODUCTION
Initiated by the discovery of graphene, the two dimen-
sional van-der Waals materials and their interesting prop-
erties have gotten a lot of attention in condensed matter
physics. In particular, the successful synthesis of 2D van-
der Waals materials with various distinct ions and their
multilayers has enhanced the scope of the realization of
new quantum phases. Recent studies have explored and
observed novel strong electron correlation effect and un-
conventional superconductivity in the gate tuned multi-
layer systems1–7. In addition, couple of transition metal
chalcogenides series are recently reported as the magnetic
materials exhibiting magnetic orderings either ferro-type
or antiferro-type where the interplay of the spin-orbit
coupling and electron correlations are crucial to under-
stand the physical properties of these systems8–16.
Along with the discovery of two dimensional materi-
als, the strong magnetic field effect also has been in-
vestigated in the lattice system. In particular, the re-
alization of Moire´ pattern by a single layer graphene on
top of a boron-nitride crystal allowed a periodicity much
larger than the lattice constant, thus, enabling the ex-
perimental realization of the fractal quantum Hall effect
of the Hofstadter spectrum which had long been a the-
oretical concept17–21. When both strong magnetic field
and spin orbit coupling (SOC) coexist, their combination
could give rise to interesting topological phases. As one
example, the topological phase transitions in the non-
interacting Kane-Mele model of honeycomb lattice have
been studied as a function of magnetic flux and SOC
strength for different electron fillings22,23. These topo-
logically non-trivial phases have distinct Chern numbers
for each spin and are characterized by the Hall conduc-
tivities of the system which change with the band gap
closing. Motivated by those topological phases, one could
further ask what is the role of electron correlations. In
the presence of strong electron interactions, one may ex-
pect correlation driven phase transitions in topologically
non trivial phases which we study in this paper.
Many kinds of Landau type phase transitions can ac-
company with the topological phase transitions as a con-
sequence of electron interactions. Interactions can induce
spontaneous symmetry breaking of the lattice giving rise
to numerous exotic phases. There are many studies re-
lated to the interaction driven quantum Hall and quan-
tum spin Hall phases24–29. In addition, the effect of inter-
actions in the Hofstadter regime has also been studied ex-
tensively, showing spontaneous breaking of translational
and rotational symmetries of the system prompting topo-
logical transitions30–36. Similarly, interplay of interac-
tions and SOC on the lattice system has also been widely
explored and several exotic phases such as Mott topolog-
ical insulators and magnetic Chern insulators have been
investigated as an outcome16,24,28,37–43.
All these interesting phases are quite challenging to
find in real materials. In particular, the apt area to
experimentally realize the combined effect of magnetic
field, SOC and strong electron correlations are artifi-
cial lattice systems. For instance, the tunable Moire´
pattern in graphene superlattices can realize the Hofs-
tadter regime in addition to strong correlation effect44,45.
Thus by gating those graphene superlattices, one can
realize different electron fillings and expect correlation
driven topological phases. The superlattice structures
of transition metal trichalcogenides are also good can-
didates having considerable SOC and electron correla-
tions. Another prime area where this system can be real-
izable is the optical lattice. Both uniform and staggered
magnetic fluxes per plaquette have been synthesized in
ultracold atomic system46–49. Here, the complex hop-
pings originate from the synthetic gauge fields induced
through laser assisted tunneling or periodic optical lat-
tice shaking46–48,50–54. The effect of SOC can also be
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2introduced into the optical lattice using similar methods
and has been explored in many contexts55–61. Hence, tak-
ing into account these possible realization in both super-
lattices of two dimensional van-der Waals materials and
ultracold atomic systems, we theoretically propose new
quantum phases where SOC, magnetic field and electron
correlations all play a significant role together.
In this paper, we study the electron correlation effect
when both considerable SOC and magnetic field coex-
ist and discuss a class of topological phases where the
Landau type order parameters also become finite driven
by strong correlations. As a minimal model, we explore
the Hofstadter-Harper Hamiltonian for the honeycomb
lattice focusing on a special flux (φ = 2pi/3), in the pres-
ence of intrinsic SOC and onsite and nearest neighbor
interactions21,62. One of the intriguing results is the dis-
covery of topological multiferroic phases where in addi-
tion to non zero Chern numbers, both nematic/ ferrielec-
tric orderings and various types of magnetic orderings
are simultaneously stabilized. On symmetry grounds, in-
teractions give rise to the phases which break not only
the inversion symmetry but also the translational sym-
metry and rotational symmetry of the system. Beyond
the conventional charge order accompanied with ferro-,
ferri- or antiferro-magetic types of orderings, the break-
ing of translational and rotational symmetries can lead
to incompressible nematic and ferrielectric phases char-
acterized by the dipole and quadrupole moments35. In
addition, the presence of SOC and magnetic flux further
induce the Chern insulating phases accompanied with
these symmetry broken magnetic and electric phases. We
note that such Chern insulators with Landau type order
parameters can also naturally induce not only the change
in the Hall conductivity but also the staggered magnetic
flux and non zero orbital currents.
This paper is organized as following: Section II de-
scribes the minimal model and its symmetry arguments.
Here, we also briefly review the band structure and its
topological nature for non-interacting system. In Section
III, the interacting Hamiltonian and the mean field tech-
nique to solve this interacting problem is discussed. The
results are outlined in Section IV and we summarize the
paper in Section V.
II. MODEL AND ITS SYMMETRIES
We consider the Kane-Mele model in the Hofstadter
regime in the presence of onsite and nearest neighbor in-
teractions. When the strong magnetic field is applied,
one can expect two main effects; orbital motion of elec-
trons and a Zeeman splitting. In our study, we focus on
the effect of orbital motion of electrons without including
a Zeeman coupling term. With a dominant Zeeman cou-
pling, electron bands with spin up and bands with spin
down are completely split, thus, one can argue electron
interaction effect with fully spin polarized case which is
rather trivial.
The model we study is described by the following
Hamiltonian,
H =− t
∑
〈ij〉σ
eiAij
(
c†iσcjσ + h.c
)
− iλso
∑
〈〈ij〉〉,σ
eiA
′
ij
(
c†iσνijs
zcjσ + h.c
)
+ U
∑
i
ni↑ni↓ + V
∑
〈ij〉
ninj , (1)
where ciσ (c
†
iσ) is the annihilation (creation) operator
for electrons at site i on the honeycomb lattice with
spin σ, niσ = c
†
iσciσ is the number density operator at
spin σ ∈ (↑, ↓), ni = ni↑ + ni↓, t is the nearest neigh-
bor hopping parameter, λso is the strength of intrinsic
SOC between the next nearest neighbors, U is the onsite
interaction strength and V is the nearest neighbor inter-
action strength. sz represents the z components of the
Pauli matrices for spin and Aij , A
′
ij are gauge potentials
on the nearest neighbor and next-nearest neighbor links
such that the flux per plaquette is 2pi/q where q is an
integer. 〈ij〉 denotes nearest neighbor and 〈〈ij〉〉 denotes
next nearest neighbor between site i and site j. The sign
νij = ±1 depends on the value of the outer product of
two bond vectors connecting site i and j through a com-
mon neighboring site l. From now on, we set t = 1 and
λso, U and V are in units of t.
The Hamiltonian is invariant under three fold and two
fold rotations. In the presence of magnetic flux 2pi/q per
plaquette, the Hamiltonian commutes with the two mag-
netic translation operators τ1 and τ2 which are along the
basis vectors of the original honeycomb lattice. τ1 and
τ2 don’t commute with each other, τ1τ2τ
−1
1 τ
−1
2 = e
i 2piq .
Hence, in order to implement the Bloch theory, the mag-
netic unit cell has to be q times larger than the original
unit cell. Here, we consider the case of q = 3 i.e. 2pi/3
flux per plaquette and understand how the combination
of electron orbital motion and SOC could induce var-
ious topological phases in the presence of interactions.
Although our results are focusing on a particular value
of magnetic flux, the same analysis can be applied for
different fluxes and expect similar electric and magnetic
phases with non trivial topology. Before we discuss elec-
tron correlation effect, let’s briefly review the Kane-Mele
model in the Hofstadter regime for the non-interacting
case.
A. Review : Non-interacting case (U = V = 0)
In this section, we summarize the results of the Kane-
Mele model in the Hofstadter regime when the electron-
electron interactions are absent. In this limit, possi-
ble phases has been explicitly studied by Beugeling et.
al22,23. They investigate a variety of two dimensional
topological phases that arise from the competition of in-
trinsic spin orbit coupling, Rashba spin orbit coupling,
3Zeeman splitting in the presence of uniform magnetic
field. While the SOC results in helical spin current at
edge and realizes quantum spin Hall (QSH) phases, mag-
netic field induces chiral spin current at edges resulting
in time reversal symmetry broken quantum Hall (QH)
phases. Thus, the presence of both SOC and magnetic
field in the system can induce the topological phase tran-
sition between helical QSH phase and chiral spin imbal-
anced QH phase.
As mentioned earlier, the magnetic flux φ = 2pi/3
triples the original unit cell of honeycomb lattice and re-
sults in total 12 distinct energy bands in the momentum
space (3 for a magnetic unit cell × 2 for sublattices × 2
for spins ↑,↓). The particle-hole symmetry connects the
lower half and the upper half bands, which also guaran-
tees the zero Hall conductivity at half filling if the band
gap exists. Similarly, the Hall conductivity for upper half
bands are related to the opposite signs of the Hall conduc-
tivity for the lower half bands. Fig.1 is the phase diagram
as functions of the Fermi energy EF and the strength
of intrinsic SOC, λso, in the presence of magnetic flux
φ = 2pi/3, which has also been studied in Ref. 22. The
red and blue colors distinguish the energy bands for spin
up and down components respectively. The Chern num-
bers are indicated for spin up and spin down components
where the gap exists in the spectrum; The left (right)
number corresponds to the Chern numbers summed over
all the occupied spin up (down) bands.
As shown in Fig.1, there are many topological transi-
tions seen due to the SOC. For instance, at filling ν = 6 (ν
is the number of electrons per magnetic unit cell), there is
a region for λso = [0.25, 0.5] where the time reversal sym-
metry broken QSH phase is stabilized. For other integer
fillings i.e. integer ν, there are some interesting phases
such as spin filtered phases and spin imbalanced phases
that arise because of the interplay of SOC and magnetic
field. In the spin filtered phase, there is a chiral edge
current where the contribution is only from a single spin
component. In case of spin imbalanced phase, there is a
helical spin current at the edge where both spin up and
down components contribute but they are not equal re-
sulting in a spin imbalance phase which is distinct from
the normal QSH phase. Based on the phase diagram
shown in Fig.1, we study the electron interaction effect
and investigate how these topological phases and phase
transitions are affected.
III. EFFECT OF INTERACTIONS (U 6= 0, V 6= 0)
When electron interactions are present, one could ex-
pect the Landau type phase transitions by stabilizing
charge or spin order parameters. In particular, the strong
onsite Coulomb interaction could induce magnetic or-
der, while the off site Coulomb interaction could induce
charge order in addition to the modification of electron
hoppings of the system. Apart from the conventional
charge and magnetic order that break the inversion sym-
FIG. 1: (Color online) Non-interacting case : Phase diagram
as functions of Fermi energy (EF ) and intrinsic spin orbit cou-
pling (λso) for flux per plaquette 2pi/3. In the colored region,
the system is metallic. The colors red and blue distinguish
the energy dispersion for spin up and down bands respectively.
The numbers in the phase diagram indicate the total sum of
Chern numbers for occupied bands of each spin component;
left for spin up bands, right for spin down bands.
metry of the system, these interactions can lead to break-
ing of additional lattice symmetries resulting in some ex-
otic phases. Furthermore, one could expect the coexis-
tence of magnetic field and SOC, in the presence of in-
teractions, giving rise to these Landau type phase tran-
sitions accompanied with the change in the topological
invariants of the system. To explore these aspects men-
tioned above, we consider onsite interaction U and near-
est neighbor interaction V for the minimal model (See
Eq.(1)) and investigate possible topological phases and
their phase transitions based on the Hartree-Fock mean
field analysis. Due to the absence of the Fermi surface
nesting at each integer filling, the spin, charge and bond
order parameters M , ∆i, χ
σσ′
ij are introduced within the
magnetic unit cell. The mean field Hamiltonian is given
as,
Hmf = H0+U
∑
i
(
∆i
2
ni −Mi · Si)
+V
∑
〈ij〉
(
(∆inj + ∆jni)−
∑
σσ′
(χσσ
′
ij c
†
jσ′ciσ + h.c)
)
4−U
4
∑
i
(
∆2i−M2i
)
−V
∑
〈ij〉
(
∆i∆j−
∑
σσ′
|χσσ′ij |2
)
(2)
where H0 represents the non-interacting Hamiltonian in
Eq. (1). The self consistency equations for spin, charge
and bond order parameters are,
Mi = 2〈Si〉
∆i = 〈ni〉
χσσ
′
ij = 〈c†iσcjσ′〉, (3)
with the spin operator Si =
1
2c
†
iσsσσ′ciσ′ (σ, σ
′ ∈ {↑, ↓})
with the Pauli matrices s and the number density opera-
tor at site i is ni=ni↑+ni↓. Then, the mean field Hamil-
tonian matrix is written by 12×12 matrix in momentum
space, hmf (k) = h0(k) + h1(k,M ,∆, χ) where h0(k) is
the Hamiltonian matrix for H0 and h1(k,M ,∆, χ) is the
Hamiltonian matrix for interaction part after the mean
field decoupling. In terms of order parameters, there are
in total 6 magnetization vector order parameters (Mα,a),
6 real charge order parameters (∆α,a) and 36 complex or-
der bond parameters χσσ
′
(α,a)(β,b). Here, the sites i and j
are rewritten with the labels (α, a) and (β, b) respectively
where the indices α, β∈{1, 2, 3} are for the tripled mag-
netic unit cell in the presence of magnetic flux 2pi/3 per
plaquette and a, b∈{A,B} denote the sublattices.
The self consistency equations in Eq. (3) are solved for
the values of λso ∈ [0, 1], U ∈ [0, 8] and V ∈ [0, 8]. The
number density is fixed such that the self consistency
equations are solved at each integer filling ν∈ [1, 12]. To
investigate all possible phases at every integer filling, one
needs to consider ν∈ [1, 6] in the presence of particle-hole
symmetry of the system.
IV. RESULTS
In this section, we discuss the topological phases re-
alized at each integer filling, ν, based on the mean field
analysis mentioned above. For finite but small U and V ,
the phases for non-interacting case are still stable at all
fillings. We denote this as the symmetric phase (S). The
charge density is uniform without developing any magne-
tization and and all the symmetries of the Hamiltonian
are preserved in these phases. With increasing U and V ,
we find several charge and magnetic ordered phases that
break translational, rotational and inversion symmetries
of the system. To investigate specific electric properties
induced by charge order, we characterize the dipole mo-
ment (Pµ) and the quadrupole moment (Qµν) defined
with the charge order parameter ∆i as following
35,
Pµ ≡ 1
Ntot
∑
i
Rµi ∆i, (4)
Qµν ≡ 1
Ntot
∑
i
(2Rµi R
ν
i − δµνRi ·Ri) ∆i , (5)
where Rµi (µ = 1, 2) are the components of the position
vector Ri at site i, and Ntot is the total number of orig-
inal unit cells in the lattice. The quadrupole moment
Qµν becomes finite as long as the system breaks the ro-
tational symmetry, whereas, the dipole moment Pµ is
finite when both rotational and inversion symmetries are
broken. Thus, we denote the phase as nematic phase
(NEM) where translation and rotation symmetries are
broken but inversion symmetry is preserved satisfying
Pµ = 0, Qµν 6= 0. On the other hand, we denote the
phase with Pµ 6= 0, Qµν 6= 0 as ferrielectric phase (FI)
where all the symmetries (translation, rotation and in-
version) of the system are broken. The magnetic state
of the system is characterized by the arrangement of the
magnetization on each sublattices in the magnetic unit
cell. Depending on the magnetic ordering we have ferro-
magnetic, ferrimagnetic or antiferromagetic phases.
From now on, we highlight possible phases and phase
transitions at each integer filling ν = [1, 6] in the pres-
ence of flux per plaquette φ = 2pi/3, by tuning param-
eters spin orbit coupling λso, onsite interaction U and
nearest neighbor interaction V . Throughout the paper,
the Chern insulator is denoted as ‘CI’, normal insula-
tor is denoted as ‘NI’ and the translational, rotational
and inversion symmetries are denoted as ‘T ’, ‘R’ and ‘I’
respectively.
A. ν = 6
For ν = 6, half of the total twelve bands are filled.
As shown in Fig. 1, the non-interacting system is either
(semi-) metal or time reversal symmetry broken QSHI
depending on the values of λso. Increase of U in the
system stabilizes the Mott insulator with antiferromag-
netic ordering. One of the interesting aspect is that the
coexistence of SOC and magnetic flux favors antiferro-
magnetic Ne´el order in the xy plane but ferromagnetic
order along the z direction, resulting in coplanar mag-
netic ordering. In terms of mean-field order parameters,
M
x(y)
αA =−Mx(y)αB =M ∀α and Mzαa = M˜ ∀(α, a). Such
magnetic order could be understood from the perturba-
tion theory at large U limit. In the presence of SOC,
finite magnetic flux gives rise to the effective spin-spin
interactions which involve three sites on a honeycomb lat-
tice. Eq. (6) shows the effective spin Hamiltonian based
on the perturbation theory up to the third order in large
U limit.
5Heff = 4t
2
U
∑
〈ij〉
Si.Sj +
4λ2so
U
∑
〈〈ij〉〉
(−Sxi Sxj − Syi Syj + Szi Szj )
+
t2λso
U2
∑
〈ijk〉
sinφijk
[
2(Szi +S
z
j +S
z
k)−24Szi Szj Szk−24
(
Szi (S
x
j S
x
k+S
y
j S
y
k)+S
z
k(S
x
i S
x
j +S
y
i S
y
j )−Szj (Sxi Sxk+Syi Syk)
)]
− λ
3
so
U2
∑
〈〈ijk〉〉
sinφ
′
ijk
[
2(Szi +S
z
j +S
z
k)− 24Szi Szj Szk+24
(
Szi (S
x
j S
x
k+S
y
j S
y
k)+S
z
k(S
x
i S
x
j +S
y
i S
y
j )+S
z
j (S
x
i S
x
k+S
y
i S
y
k)
)]
(6)
where 〈ijk〉 indicates the nearest neighbors sites i and
j, nearest neighbors sites j and k, thus, next near-
est neighbors sites i and k, and 〈〈ijk〉〉 indicates i,j
and k as the second nearest neighbors with each other.
Si = (S
x
i , S
y
i , S
z
i ) is the spin at site i and φijk is the
magnetic flux in the triangle formed by connecting the
i, j and k sites. Focusing on the third order perturba-
tion terms O
(
t2λso/U
2
)
and O
(
λ3so/U
2
)
, one can read
off that ferromagnetic order along z-direction with anti-
ferromagnetic Ne´el order on xy-plane is preferred. With
increasing U , the contribution from the second order cor-
rection is dominant and magnitudes of Sz ordering de-
crease which is also seen in our numerical results.
The presence of nearest neighbor interactions V in-
duces a charge ordering of the form ∆αA = −∆αB =
∆, ∀α. We denote this type of charge ordering as a
charge density wave (‘CDW’), that breaks only inversion
symmetry of the system. In the presence of both U and
V , there is a first order transition from theNI with copla-
nar magnetic order to the NI with CDW on increasing
V/U .
B. ν=5
For ν = 5, the non-interacting system has several
phases as a function of SOC (see Fig. 1): metal, CI
(Cf =−2), CI (Cf = 4). Here, the total Chern number
for all filled bands, Cf , is always changed by multiple in-
tegers of 3 as a consequence of tripled magnetic unit cell
in the presence of flux 2pi/3 as long as the translational
symmetry is preserved in the system. The presence of U
and V leads to many distinct topological phases accom-
panied with spontaneous symmetry breaking which will
be explained in detail in the next paragraph. Fig. 2 high-
lights some of those phases as a function of λso; (a) U=4
and V =0 and (b) U=8 and V =2. In Fig. 2, the types of
charge and magnetic ordering are indicated above each
phase diagram line, along with the broken spatial sym-
metries T, R, I listed in the bracket. Below the line in
Fig. 2, the type of state, either normal insulator (NI) or
Chern insulator (CI) along with the total Chern number
of the filled bands is shown in the bracket.
With finite U , the system has a phase transition sta-
bilizing a ferromagnetic CI phase (Mα,a=M , ∀(α, a)).
The magnetization is along the z− direction for finite
SOC and thus the phase is denoted as ‘FzCI’. The to-
tal Chern number remains same as the non-interacting
case. On further increasing U , there exist two more phase
transitions to (i) ferrimagnetic CI phase (‘FizCI’) with
Cf = 1 (see Fig. 2a), the magnetic ordering of the form
Mzα,A=MA, M
z
α,B=MB ∀α where MA 6=MB and are op-
posite in sign, thus breaking inversion symmetry of the
system (ii) ferrimagnetic NI phase (‘FizNI’), M
z
α,a is
different for all α, a breaking the entire symmetries of the
lattice. In the later case, we can notice that the difference
in the Chern number is no longer multiple integers of 3 as
the translational symmetry of the system is broken. The
critical value of U for these phase transitions increases
with the increase in the spin orbit coupling strength.
The nearest neighbor interaction V induces charge or-
dering similar to that of ν = 6 case and the system be-
comes a Chern insulator with CDW, labeled as ‘CDWCI ′
with Cf =1. In the limit V U and small SOC, the sys-
tem is a trivial insulator with Mz1A = −Mz3B , Mz2A =
−Mz2B , Mz3A=−Mz1B where z direction magnetization is
preferred by SOC and ∆1A = ∆3B , ∆2A = ∆2B , ∆3A =
∆1B . Here, rotation and translation symmetries are
broken but inversion symmetry is preserved in the sys-
tem. In terms of charge order, the dipole moment Pµ
is zero but the quadrupole moment Qµν is finite, as
expected on symmetry argument and the system is in
the nematic phase. The phase with this type of mag-
netic and charge ordering is referred as the nematic-
antiferromagnetic (along z direction) normal insulator,
‘NEM−AFzNI’ as listed in Fig. 2b. For larger SOC,
the system goes into a CDW phase with staggered mag-
netization breaking the inversion symmetry of the system
but preserving all other symmetries. The magnetic or-
dering is of the form Mzα,A=MA, M
z
α,B=MB ∀α. Here,
MA 6= MB and are opposite in sign. This is the CDW
ferrimagnetic Chern insulator with Cf = 1 denoted as
‘CDW−FizCI’ shown in Fig.2b.
60 10.5
(a)
λso
Fiz(I) Fz
CI(1) CI(4)
λso(b)
0 10.4
NEM−AFz(T,R) CDW − Fiz(I)
NI(0) CI(1)
FIG. 2: (Color online) Phase diagram as a function of λso at
filling ν = 5 for (a) U=4 and V =0 and (b) U=8 and V =2.
F, F i and AF represents ferromagnetic, ferrimagnetic and
antiferromagetic phase respectively. The subscript shows the
preferred magnetization direction. NEM and CDW denotes
the nematic order and conventional charge density wave re-
spectively. The letter in the bracket shows the type of spatial
symmetries broken in the system (translation (T ), rotation
(R) and inversion (I)). CI(·) and NI(·) denote Chern insu-
lator and normal insulator respectively, with the total Chern
number (·) for occupied bands.
C. ν = 4
At ν = 4, the non-interacting system realizes three
phase transitions between different Chern insulators (CI)
with Cf = 2,−1 and 5 (See Fig. 1). For different values
of U and V , Fig. 3 highlights the possible normal/ Chern
insulating phases with charge order and magnetic order
at (a) U=6 and V =0, (b) U=6 and V =2 and (c) U=6
and V =8.
In the presence of only U and small SOC, there is a
phase transition from paramagnetic CI phase (‘PCI’)
to CI phase with ferrimagnetic ordering along z direc-
tion (‘FizCI’). In FizCI phase, the magnetic order
parameters are the form of MzA1 = M
z
B3, M
z
A2 =
MzB2, M
z
A3 =M
z
B1 (See Fig. 3a). By stabilizing this
type of magnetic order, the system breaks translation and
rotation symmetries but preserves the inversion symme-
try. For intermediate to larger values of λso, increase of
U leads to the transition from PCI to antiferromagetic
Chern insulator, AFzCI (M
z
α,A = −Mzα,B = M, ∀α)
which breaks only the inversion symmetry of the system
(see Fig. 3a).
In the presence of V , for V  U , the system can
develop different types of magnetic order and charge
order depending on the SOC strength: (i) MzA1 =
MzB3, M
z
A2 = M
z
B2, M
z
A3 = M
z
B1 and ∆A1 =
∆B3, ∆A2 = ∆B2, ∆A3 = ∆B1 which preserves only in-
version symmetry of the system (ii) Mα,a and ∆α,a is dif-
ferent for all sublattices which breaks all the symmetries
of the system. While the former phase (i) corresponds to
the nematic-ferrimagnetic phase (NEM−Fiz), the later
one (ii) is the ferrielectric-ferrimagnetic phase (FI−Fiz).
These phases can be either NI or CI (Cf = 1) de-
pending on λso for a particular values U and V (see
Fig. 3b). For large SOC, the system goes into the inver-
sion symmetry broken phases described by order param-
eters ∆α,A =−∆α,B = ∆, ∀α, Mzα,A =−Mzα,B =M, ∀α.
This is a CDW − AFzCI phase with Cf = 2 as shown
in Fig. 3b. For large V limit, the system goes into
the phase with charge density wave and ferro- but stag-
gered magnetic order phase, (‘CDW − F˜zCI’). In de-
tails, magnetic and charge ordering is of the form Mzα,A=
MA, M
z
α,B=MB , ∀α and MA 6= MB but have same sign
and ∆α,A = ∆ = −∆α,B , ∀α. In this phase, the change
of Chern numbers is similar to the non-interacting case
with increasing SOC. (See Fig. 3c). Indeed, the Chern
numbers are changed by multiple integers of 3 here due
to the presence of translational symmetry.
0
(a)
10.4 0.9
λso
Fiz(T,R) AFz(I) P
CI(1) CI(2) CI(−1)
0 10.3 0.4 0.5
(b)
λso
FI − Fiz(T,R,I) NEM−Fiz(T,R) CDW −AFz(I)
NI(0) CI(1) CI(1) CI(2)
0 10.1 0.4
(c)
λso
CDW − F˜z(I)
CI(2) CI(−1) CI(5)
FIG. 3: (Color online) Phase diagram as a function of λso
for (a) U = 6 and V = 0, (b) U = 6 and V = 2 and (b)
U=6 and V =8 at filling ν=4. P, AF, F i and F˜ represents
paramagnetic, antiferromagnetic, ferrimagnetic and ferro- but
staggered magnetization respectively. CDW, NEM and FI
denotes conventional charge density wave, nematic and ferri-
electric phase respectively. The letter in the bracket shows the
type of spatial symmetries broken in the system (translation
(T ), rotation (R) and inversion (I)). CI(·) and NI(·) denote
Chern insulator and normal insulator respectively, with the
total Chern number (·) for occupied bands.
D. ν = 3
At filling ν= 3, the system is in a metallic phase sim-
ilar to ν= 5 in the absence of SOC and interactions. In
the presence of SOC, a gap opens up at λso = 0.1 and
the system goes into a QSHI phase (See. Fig. 1). There
exists a band crossing at λso = 0.41 and on further in-
creasing the SOC the system goes into a CI with Cf =3
(see Fig. 1). With finite U and V , the system devel-
ops charge density wave (CDW) and ferro- but staggered
magnetization along either xy or z direction (F˜z or F˜xy).
While phase with magnetic ordering F˜z can be CI or NI
depending on SOC, phase with magnetic ordering F˜xy is
7always NI. These phases only break inversion symmetry
and are labeled as either ‘CDW−F˜µNI’ or ‘CDW−F˜zCI’
in Fig. 4, where µ represents xy or z direction. Fig. 4
gives the line phase diagram as a function of λso for (a)
U = 6, V = 4 and (b) U = 6, V = 8. The magneti-
zation direction changes from xy to z on increasing λso.
It is worth to mention that in the absence of magnetic
flux, the same extended Kane-Mele-Hubbard model has
already been explored and similar phase transitions are
discussed in Ref. 16.
(a)
0 0.3 1
λso
CDW − F˜xy(I) CDW − F˜z(I)
NI(0) NI(0) CI(3)
(b)
0 0.3 1
λso
CDW − F˜xy(I) CDW − F˜z(I)
NI(0) NI(0)
FIG. 4: (Color online) Phase diagram as a function of λso for
(a) U = 6 and V = 4 and (b) U = 6 and V = 8 at filling ν= 3.
CDW−F˜ is the charge density wave with ferro- but staggered
magnetization. The subscript denotes the magnetization di-
rection. The letter in the bracket shows the type of spatial
symmetries broken in the system (translation (T ), rotation
(R) and inversion (I)). CI(·) and NI(·) denote Chern insu-
lator and normal insulator respectively, with the total Chern
number (·) for occupied bands.
E. ν = 2
At ν = 2, the non-interacting system favors either the
CI phase with Cf = −2 for λso ≤ 0.37 or the metallic
phase for other values of SOC. In the presence of both U
and V , Fig. 5 represents the possible phases as a func-
tion of λso especially for (a) U = 8 and V = 4, (b) U = 2
and V = 8. With increasing U only, the system devel-
ops the ferromagnetic (Mzα,a = M
z, ∀(α, a)) CI phase
(‘FzCI’) from paramagnetic phase. In this case, the
spin up and down bands are separate and there are two
bands with the same spin below the Fermi level. The
Chern numbers of these two lowest bands are −1 and
2 which results in the total Chern number of the filled
bands to be Cf = 1. Including small V , at intermediate
to large SOC, there is a phase transition to the CI phase
(Cf =1) with charge density wave and ferromagnetic or-
der along z direction (‘CDW− F˜zCI’) phase as shown in
Fig. 5a. For small SOC, the charge and magnetic order-
ing is of the form ∆A1 = ∆B3, ∆A2 = ∆B2, ∆A3 = ∆B1
and MzA1 =M
z
B3, M
z
A2 =M
z
B2, M
z
A3 =M
z
B1. Thus, the
system is a normal insulator with nematic and ferromag-
netic order, (‘NEM − F˜zNI’), as seen in Fig. 5a. For
V >U and intermediate to high SOC, the system is in the
CI phase (Cf =−2) with charge density wave and fer-
rimagnetic along z direction ordering (‘CDW − FizCI’)
as shown in Fig. 5b. In this case, the filled bands consist
of spin up and down bands each with Chern number −1
giving Cf = −2. For very small SOC, the magnetic and
charge ordering are different for all sublattices, resulting
in the FI − FizNI phase.
0 0.3 0.9 1
(a) λso
NEM− F˜z(T,R) CDW − F˜z(I) Fz
NI(0) CI(1) CI(1)
(b)
0 10.3
λso
FI − Fiz(T,R,I) CDW − Fiz(I)
NI(0) CI(−2)
FIG. 5: (Color online)The phase diagram as a function of λso
for (a) U=8 and V =4 and (b) U=2 and V =8 at filling ν=2.
F, F˜ and Fi denotes ferromagnetic, ferro- but staggered mag-
netization and ferrimagnetic phase respectively. NEM and
CDW represents Nematic phase and conventional charge den-
sity wave phase respectively. The letter in the bracket shows
the type of spatial symmetries broken in the system (transla-
tion (T ), rotation (R) and inversion (I)). CI(·) and NI(·) de-
note Chern insulator and normal insulator respectively, with
the total Chern number (·) for occupied bands.
F. ν = 1
When there is a single electron in the entire mag-
netic unit cell, the non interacting system exhibits ei-
ther metallic phase or CI with Cf =−1 shown in Fig. 1.
Fig. 6 represents the phase diagram as a function of λso
for U = 3 and V = 6. In the presence of both U and
V , as shown in Fig. 6, the system develops either the
CI phase with pure ferromagnetic order along z direc-
tion (‘FzCI’) or the CI phase with both charge density
wave and ferro- but staggered magnetization along z di-
rection (‘CDW− F˜zCI’). The Chern number Cf remains
unchanged under these transitions, thus Cf =−1.
G. Staggered flux and Orbital currents
For particular integer fillings ν = 4 and 5, there are
phases with broken translation and rotation symmetries.
(See the phases marked with (T,R) or (T,R, I) in Fig. 2
and Fig. 3). These types of phases are always accom-
panied with finite anisotropic bond order parameters
χσσ(α,a),(β,b) and result in staggered flux and non-zero cur-
rents on the links. Fig. 7 shows the examples of charge
order, link current and flux distribution in every hexago-
nal plaquettes on the lattice. Fig. 7a represents the case
80 10.6
λso
FM
Fz CDW − F˜z(I)
CI(−1) CI(−1)
FIG. 6: (Color online)The phase diagram as a function of
λso for U = 3 and V = 6 at filling ν = 1. F represents fer-
romagnetic phase and CDW − F˜ represents charge density
wave with ferro- but staggered magnetization. The letter in
the bracket shows the type of spatial symmetries broken in
the system (translation (T ), rotation (R) and inversion (I)).
CI(·) and NI(·) denote Chern insulator and normal insula-
tor respectively, with the total Chern number (·) for occupied
bands.
of nematic (NEM) phase where the current on the A1B1
and A3B3 links have the same magnitude but are in oppo-
site directions and current on A2B2 is zero such that the
inversion symmetry of the system is preserved. Fig. 7b
represents the case of ferrielectric (FI) phase where the
current on the links A1B1, A2B2 and A3B3 are different,
thus, breaking the inversion symmetry of the system.
δφ δφ2δφ
A1
B1
A2
B2
A3
B3
δφ δφ2δφ
δφ δφ2δφ
(a)
δφ δφ2δφ
A1
B1
A2
B2
A3
B3
δφ3δφ2δφ1 δφ3δφ2δφ1
δφ3δφ2δφ1
(b)
δφ3δφ2δφ1
FIG. 7: (Color online) Schematic picture of staggered flux
in hexagonal plaquette and current flow on the links for (a)
nematic phase (b) ferrielectric phase. The flux distribution
is shown after subtracting out the background magnetic flux
2pi/3. In ferrielectric phase, δφ1=δφ3 + δφ2. The bonds with
different colored arrows are the links with distinct magnitudes
of finite current.
V. CONCLUSION
In conclusion, we have studied the extended Kane-
Mele-Hubbard model in the Hofstadter regime on the
honeycomb lattice. In particular, focusing on the mag-
netic flux 2pi/3 and considering onsite and nearest-
neighbor interactions, we showed the existence of vari-
ous complex phases due to the interplay of electron in-
teractions and SOC in the Hofstadter regime. Within
the mean field analysis, the different types of normal or
Chern insulating phases accompanied with charge order
and magnetic order have been theoretically proposed. In
particular, at filling ν=6 where half of the total 12 bands
are occupied, the normal insulator with coplanar mag-
netic order is uniquely stabilized due to the combination
of spin orbit coupling and magnetic flux. At other integer
fillings especially at ν=4 and 5, there exist the Chern in-
sulating phases where both electric dipole (quadrupole)
moments and ferrimagnetic moments coexist. Such topo-
logical multiferroic phases have interesting aspects like
staggered magnetic flux and orbital currents in addition
to finite Hall conductivity.
The recent experimental observation of Hofstadter but-
terfly in graphene superlattice17–20 and the realization
of the Hofstadter Hamiltonian in the optical lattice48,49
have opened a new arena to study the effect of interaction
in this strong magnetic flux regime. The superlattice of
transition metal chalcogenides series could be the poten-
tial candidates to explore such exotic phases we propose
here, where magnetic field, SOC and electron interac-
tions could play a significant role. Moreover, in ultra
cold atomic system the ability to tune the control param-
eters over wide ranges, makes it an ideal place to study.
While magnetic field and SOC can be implemented ar-
tificially in the optical lattice by introducing synthetic
gauge fields46–48,50–61,63, interaction can be tuned in the
lattice by Feshbach resonances64. Furthermore, the non-
trivial topology of the band can also be determined in
the optical lattice system65–72. Hence, both superlattice
of 2D van-der Waals materials and optical lattices enable
us to investigate new topological multiferroic phases with
experimental realization in future.
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